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Abstract—High-fidelity numerical simulations of complex flow
problems require high-resolution capabilities, which can be
achieved by employing high-order methods. A class of recovery-
assisted discontinuous Galerkin (RADG) methods can achieve
high-orders of accuracy by strategically combining degrees of
freedom from neighboring cells; the order of accuracy can be
increased by increasing the polynomial degree p of the solution
representation. However, an increase in p increases the number of
degrees of freedom, thereby significantly increasing the memory
footprint due to I/O operations and floating-point operations.
In this study, the arithmetic intensity, which is the amount of
work done per data transferred, of a class of RADG methods for
hyperbolic systems of conservation laws is theoretically analyzed
for p = 1 through 6. Different data cache models are considered,
and numerical experiments demonstrate that RADG methods
have high arithmetic intensity, thus more effectively utilizing
on-node floating-point capabilities on modern high-performance
computing (HPC) platforms.
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I. INTRODUCTION

The next generation computational models will enable
advances in the fields of climate science, ocean flow be-
havior, space sciences, complex materials and other areas
of scientific research [1]. To meet the growing needs in
scientific discovery, the computational capability of the fastest
supercomputers must continue to grow. Driven by limitations
in power consumption, memory bandwidth and latency [2],
and high demand in accuracy, the next generation HPC sites
for exascale computing are expected to feature heterogeneous
architectures [3]. On these new systems, the decreasing power
cost of floating-point operations (FLOP) has exposed the
power cost of data motion. Thus, FLOP—if concurrency can be
harnessed—are no longer the primary (on-node) cost factor for
numerical simulation. A new trade-off must be made between
data motion, memory usage, and operations [4], [5].

High-order methods such as the discontinuous Galerkin
method (DG) [6] have the potential to address the above
issues. High orders of accuracy can be achieved by adding
degrees of freedom to each element to represent the solution
as a high-order polynomial of degree p. Since the solution
is allowed to be discontinuous across elements, borrowing
from the finite volume method, the flux between immediately
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adjacent elements is used to preserve stability. The method
maintains a compact stencil [7] and exhibits good parallel
scaling on modern HPC platforms [8]-[10]. The recovery-
assisted DG method (RADG [11]) uses the information from
a pair of neighboring elements to recover a high-order DG ap-
proximation of the flux at the interface of the two neighboring
elements. The recovery procedure results in order of accuracy
2p+ 2, which is higher than conventional DG methods. While
the DG methods present many advantages, a large number
of degrees of freedom inside each element, particularly for
RADG methods, increases the on-node data motion, memory
usage, and FLOP.

This work aims to determine the trade-off between FLOP
and bytes transferred for RADG discretizations of hyperbolic
systems of conservation laws that are used to describe the
complex flow problems. Theoretical bounds for solution poly-
nomial orders one through six, for both the FLOP count and
the arithmetic intensity, are evaluated. These two quantities
are used to determine the on-node performance based on the
roofline model [12].

II. RADG DISCRETIZATION OF HYPERBOLIC SYSTEMS

Consider the hyperbolic system of conservation laws

ou

5 T VFw) =0, (1)

where u(x,t) is a vector of conserved variables, and F(u)
are the vector-valued flux functions. In RADG discretization,
the computational domain €2 is partitioned into M non-
overlapping elements €2,,, such that ﬂfff:lﬂm = 0 and
U,A,/f:lﬂm = (2, and the elemental boundary is denoted by
0f),,,. Each element’s set of basis functions ¢,, is a polynomial
basis of at most degree p in a given direction and contains
K = (p+ 1) members. The number of quadrature points
in the interior of each element is ), = K, and that on each
interface of the element is Q, = (p + 1)P~1,

The governing equation 1 is satisfied in the weak sense in
each element by expanding the numerical solution U" within
a K-dimensional solution space ¢,, and integrating as,
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Here, k € {0,1, 2,..., K—1}, F is the common flux value at
the element-element interface and n™ is the element’s outward
normal.



TABLE I: Floating-point operations (FLOP) and data transfers per step for RADG discretization.

#  Calculation FLOP

data transfers®

no-cache data transfer

finite-cache data transfer

1 LZL or Ug, at interface 2(Qs X 4K) x N;,r
2 F(Ug, Ug), atinterface  (fr X Qs) X Ny (3Qs) x Ny
3 UM at interior (Qu x 2K) x NP (2Qy) x NP

4 F(UM) at interior (fr x D x Q) x NP

2(R+2Qy +Qs) X Ny

(2D +1) x Q, x NP

Quv X (TP + (T +2W)P) + R x 2D(T + 2W)P~1

Qo x TP

TNy = D(N +2W + 1)(N + 2W)P~T is the total number of interfaces in the block structured grid of size (N + 2)7.

§ each transfer is 8 Bytes for double-precision floating-point value.
* fr and fp are cost of Riemann solver and flux function.

Consider the union of two adjacent elements, i/ =Q 4 U Qp
with same polynomial order p. A recovery basis ¥, supported
over U, is defined with the recovery coordinate r. The recov-
ered solution over the union is defined as a 2 K —dimensional
polynomial expansion in the recovery basis:
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The recovery operation on each interface can be cast in a
matrix-vector form [7] for a given variable. Equation 2 can
be conveniently re-written, where the term on the left-hand
side is expanded to give a K x K mass matrix M, of the
element (2,,, that depends only on the element’s geometry and
set of basis functions ¢,,. Additionally, the spatial residual
terms on the right for a given element can be collected in a
single residual vector R,,. The mass matrix can be inverted
to directly calculate the temporal derivatives of U,

d
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The evaluation of the residual term at every time step is split
into various operations listed in table I.

Un = MR, (U").

III. ARITHMETIC INTENSITY

A box-structured grid with N uniform elements in each
direction is employed for the present analysis. At each step,
box-grid is surrounded by a layer of ghost cells containing the
neighboring data upon which the box is dependent, allowing
computation in boxes to be done independently. This gives
the total number of elements in each direction as N + 2, and
the total number of interfaces between adjacent cells is given
as N,. For the purpose of calculating arithmetic intensity,
which is the measure of the the amount of work done per
data transferred, an abstract machine model is considered that
is composed of a processor and two levels of memory: an
unlimited amount of slow memory and a limited amount of
fast memory. At the start of processing, data are stored in
the slow memory and the fast memory is empty. Computation
is only performed by the processor on data residing in the
fast memory, so any data to be operated on must first be
transferred from slow memory. After the computation, the
result are returned to the fast memory and then transferred
to the slow memory.

To derive the bounds on the arithmetic intensity for RADG
discretization applied to hyperbolic systems, the FLOP count

for each step of the residual evaluation and the data transfer
necessary for the cache strategies considered are evaluated as
listed in table I. The results are summarized as,

e no-cache: A degenerate case that is analogous to poor
cache utilization [13] and provides an upper bound on
the number of data transfers that must be performed, and
a lower bound on the arithmetic intensity. In 3D with
N < 128, the arithmetic intensity for RADG is < 0.4.
Current machines have a flops-to-byte ratio of five or
greater [12]. As expected, without a cache, a significant
arithmetic intensity is not achievable, see fig. 1.

e finite-cache: The box of size (N + 2)P is divided into
cubic tiles of length ' = N/m for some m > 0. Cubic
tiling improves the balance of operations and results in
high arithmetic intensity (> 10) at large 7', which is
approximately the machine balance for state-of-the-art
machines like OLCF’s Summit [14]. Fig. 2 shows the
arithmetic intensity for the finite-cache case in 3D. The
constraint on the size of the tile limits the maximum
achievable arithmetic intensity. Small 7" results in data
transfer overheads with more number of data transfers
required. The finite-cache utilization is further improved
by exploring techniques to reduce the storage of large
recovery matrices and using a vertical rectangular tiling
strategy [15].

IV. CONCLUSIONS

On-node performance of an application needs to be em-
phasized along with parallel scalability for optimal algorithm
design of scientific applications. With data management con-
tributing more towards the cost of numerical simulations, the
arithmetic intensity, which measures the amount of work done
per byte of data transferred is an important design criterion.
The on-node performance of a class of recovery-assisted
discontinuous Galerkin (RADG) schemes, used for spatial
discretization of conservation laws of fluid dynamics, is in-
vestigated. Estimates for different cache models are developed,
including the lower bound case of no-cache and a finite-sized
cache. Theory and numerical experiments predict that RADG
schemes can achieve high arithmetic intensity (> 10), which
is necessary to better utilize on-node floating-point capability
of modern high-performance computing (HPC) platforms.
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